The Janis-Newman algorithm is an old but very powerful tool to generate rotating solutions from static ones through a set of complex coordinate transformations. Several solutions have been derived in this way, including solutions with gauge fields. However, the transformation of the latter was so far always postulated as an ad hoc result. In this paper we propose a generalization of the procedure, extending it to the transformation of the gauge field. We also present a simplification of the algorithm due to G. Giampieri. We illustrate our prescription on the Kerr-Newman solution.
Introduction
Originally Janis and Newman presented a "derivation" of the Kerr metric using a complex coordinate transformation [1] . Although there was at that time no clear reason why this should work, several groups started to use it, discovering new axisymmetric solutions of Einstein equations, possibly coupled to Maxwell [2] or dilaton [3] fields, with a cosmological constant [4] , and later to interior solutions [5] [6] [7] [8] and other dimensions [9] [10] [11] .
The so called Janis-Newman (JN) algorithm provides a way to generate axisymmetric metrics from a (spherical) seed metric through a particular complexification of radial and time coordinates, followed by a complex coordinate transformation. Despite the fact that the complexification relies mostly on intuitive guesses and that there exists no strong generic formulation for it, some general features have been worked out in the last decades. For instance, it has been shown that the complexification is unique [7] under some assumptions, and -as we will see -that some different complexifications are equivalent. Detailed reviews on generalizations and explanations of the JN algorithm can be found in [7, 12, sec. 5.4] while justifications may be found in [13] [14] [15] [16] .
The JN procedure can appear to be very tedious since it requires to invert the metric, to find a null tetrad basis where the transformation can be applied, and lastly to invert again the metric. In [17] Giampieri introduced another formulation of the JN algorithm which avoids gymnastics with null tetrads and which appears to be very useful for extending the procedure to more complicated solutions (such as higher dimensional ones). However it has been so far totally ignored in the literature and we wish to bring attention on it.
As far as gauge fields are concerned, Newman et al. could not obtain the electromagnetic field strength from the original version of the Janis-Newman algorithm [2] . As a consequence all the papers dealing with solutions including a gauge field are making an ansatz for the latter, which feels unsatisfactory. Performing a suitable gauge transformation to remove the radial component of the gauge field is the key for applying the algorithm with either prescription. As for the metric, the JN approach needs to be carried out on the contravariant components and accordingly Giampieri's prescription is simpler.
It is worth mentioning that another solution was recently proposed in [18] , where a null Lorentz transformation on the tetrads is used to obtain the correct Newman-Penrose coefficients for the field strength. According to our proposal, we claim that it is possible to perform such transformations with a much more natural formulation, the gauge field being a more fundamental object than the field strength or its Newman-Penrose coefficients.
The paper is organized as follows. In section 2 we outline the main steps of the JN algorithm as it was prescribed in its original version [1, 2] . We expose in section 3 Giampieri's effective prescription of the JN algorithm [17] . In the section 4 we show how to transform the gauge field, exhibiting the procedure on the original JN example which is the Kerr-Newman black hole. Furthermore our prescription can be very useful for numerical calculations since all transformations can actually be applied at the same time, as described in appendix A. In appendix B we discuss the arbitrariness of the complexification.
Janis-Newman algorithm
In their original paper [1] , Janis and Newman demonstrated how to recover the Kerr metric from the Schwarzschild one. In this section we outline the procedure with the seed metric
The algorithm proceeds as follows:
1. Introduce the null coordinate
The metric becomes ds
2. Find the contravariant form of the metric g µν and use the null tetrad 4) where the vectors are taken to be
At this point r is real such thatr = r.
3. Allow the coordinates u and r to take complex values together with the conditions:
• µ and n µ must be kept real;
• m µ andm µ must still be complex conjugated to each other;
• one should recover the previous basis for u, r ∈ R.
The previous conditions imply that the function f (r) should be replaced by a new functionf (r,r) ∈ R such thatf (r, r) = f (r). This step is the hardest to perform because there is no a priori rule to choose any particular complexification and one needs to check systematically if Einstein equations are satisfied. Examples have provided a set of rules that can be used
4. Carry out a complex change of coordinates
a being a parameter (with the interpretation of angular momentum per unit of mass), with the restriction that r , u ∈ R. The tetrads transform as vectors and nowf = f (r , θ ) (but note that the θ dependence is not arbitrary and comes solely from Im z). Explicitly one gets (forgetting the primes for convenience)
( 2.8) 5. Construct the metric g µν from the new set of tetrads and invert it.
6. Eventually change the coordinates into any other preferred system, e.g. Boyer-Lindquist. If the transformation is infinitesimal then one should check that it is a valid diffeomorphism, i.e. that it is integrable.
Giampieri's formulation
In the former approach it is very tedious to invert twice the metric and find out the right tetrad basis. In an essay submitted to the Gravity Research Foundation [17] , Giampieri proposed a simplification to this algorithm. In a nutshell, coordinates u and r are complexified in the metric itself and we change coordinates directly in the metric. Then all complex i factors are removed using a specific ansatz for the coordinate transformation. Giampieri applied his method only to the Schwarzschild metric, thus it is worth to detail it in the more general context of (2.1) with arbitrary f . The procedure is the following:
1. Introduce the null coordinate u
2. Allow the coordinates u and r to take complex values and complexify the metric (3.1) to
using the rules (2.6c) for the coefficient of dΩ 2 and where againf =f (r,r) is the real-valued function which is replacing f . At this step the metric continues being real.
3. Apply the change of coordinates (2.7)
where a new angle ψ is introduced. This amounts to embed the spacetime in a 5-dimensional complex spacetime and the final metric will correspond to a 4-dimensional real slice. The differentials read du = du − ia sin ψ dψ, dr = dr + ia sin ψ dψ, (3.4) and one gets the metric
4. As one can easily notice, this metric can not be correct because it has to be real. Giampieri found that this metric reduces to the result from the original formulation if one uses the ansatz i dψ = sin ψ dφ (3.6a)
followed by the replacement ψ = θ.
This step is absolutely ad hoc but, as we will see, leads nicely to the right solution.
The question whether it can be generalized to a larger class of solution is addressed in a separate work and will be the object of a following paper.
Deleting all the primes, the metric obtained in the Kerr coordinates [1] is
where we have introduced
5. Finally one can go to Boyer-Lindquist coordinates with
The conditions g tr = g rφ = 0 are solved for
where we have defined
As indicated by the r-dependence this change of variable is integrable provided that g and h are functions of r only. However ∆ as given in (3.11) could in principle contain a dependence on θ, thus it is absolutely essential that one checks that this is not the case. Similarly the complex transformation does not preserve Einstein equations in general and they need to be verified before claiming that a new solutions has been found. These two points are of particular importance since several metrics derived from JN algorithm [12, sec. 5.4.2, [19] [20] [21] [22] have been shown to be wrong for one of these reasons [23] [24] [25] .
Given this condition one gets the metric (deleting the prime) [26, p. 14]
We stress that the order of the steps should be respected, otherwise the ansatz (3.6) can not be consistently applied. The second important point is that JN and Giampieri's prescriptions differ only in the computation of the metric since the rules (2.6) are identical in both cases. Therefore this new approach is not adding or removing any of the ambiguity that is already present and well-known in JN algorithm.
Comparing (3.1) and (3.7) makes clear that the effect of the ansatz (3.6) can be reduced to modifying the formula (3.4) into du = du − a sin 2 θ dφ , dr = dr + a sin 2 θ dφ . (3.14)
Using directly these expressions allows to avoid introducing the angle ψ altogether. Although some authors [8, 16] mentioned the equivalence of these formulae and the result from the tetrads as a curiosity, it is surprising that this direction has not been followed further.
Kerr-Newman: transforming the gauge field
In this section we apply the formalism to the Reissner-Nordström black hole in order to get the Kerr-Newman rotating black hole, both of which are solutions of Einstein-Maxwell theory. The metric is obtained first while the gauge field is found using both JN and Giampieri's prescriptions.
The seed solution corresponds to the metric
and to the gauge field
where the parameters m and q correspond respectively to the mass and to the electric charge. Using the rules (2.6b) and (2.6c) for the second and third terms respectively, the function f can be complexified asf
where we recall that ρ 2 = |r| 2 = r 2 + a 2 cos 2 θ. As already described in [2, 7] , plugging this function into (3.12) gives the well-known Kerr-Newman metric
where functions ∆ and Σ are given by
and it is to point out that ∆ depends only on r so that the transformation (3.10) to Boyer-Lindquist coordinates is well defined.
Giampieri's formalism
As already mentioned in the introduction, the authors of [2] face serious difficulties while trying to derive the field strength of the Kerr-Newman black hole from the Reissner-Nordström one. Indeed, in the null tetrad formalism, the field strength is given in terms of NewmanPenrose coefficients and problems arise when trying to generate the rotating solution since one of the coefficients, vanishing in the case of Reissner-Nordström, is non-zero for Kerr-Newman. We show that using Giampieri's prescription allows to circumvent the problem in a very simple way. Starting with the gauge field (4.2) for the Reissner-Nordström black hole and expressing it in terms of the (u, r) coordinates gives
The second term actually does not contribute to the field strength since A r = A r (r) and one can remove it by a gauge transformation, getting
Applying the transformations (3.14) gives
where as usual ρ 2 = r 2 + a 2 cos 2 θ. The prefactor here has been transformed using the rule (2.6b).
Going to Boyer-Lindquist coordinates, using (3.10), provides
Finally, the factor ρ 2 in front of dr cancels with the prefactor, and we are left with
which depends only on r. This can again be removed by a gauge transformation, and one obtains the traditional form of the electromagnetic gauge field for the Kerr-Newman black hole (omitting the prime)
Tetrad formalism
Expression (4.7) for the static gauge potential -after the gauge transformation -can be rewritten as
Using the inverse of the metric (3.1) with function (4.1) one obtains the contravariant expression
where µ = δ µ r , see (2.5). The JN transformation applied to the previous expression yields
(4.14)
8). Finally the 1-form
is retrieved using the metric (3.7) with the function (4.3). The result is identical to the one derived with Giampieri's formalism, showing again that the two approaches are totally equivalent, and that it was not necessary to use the null Lorentz rotation from [18] . It is possible to check that the transformation can not be performed without first removing the r-component with the gauge transformation.
Conclusion
As it was announced in the introduction, this paper contains two main ideas. First the Giamperi's prescription for performing the Janis-Newman algorithm turns out to be a tool which deserves to be better understood and generalized to other classes of solutions. This is the aim of different works in progress.
The second conclusion of this paper is that just as rotating metrics can be derived from static ones through the Giamperi's and tetrad formalisms, the gauge field can be automatically derived as well. As far as we know, this idea is completely new and opens the door to many possible extensions of Janis-Newman original idea.
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A Chaining transformations
Not only the Giampieri's formulation simplifies greatly our work, but it is also much easier to implement on a CAS (computer algebra system) like Mathematica, since all boils down to changing variables: there is no need to use a matrix or to find a tetrad. It is even possible to chain all the change of coordinates in order to obtain a unique formula which brings from the seed metric to the final metric in the coordinate system we prefer.
We can summarize all the steps as follows
Starting from the static metric (2.1) we can arrive at the final result by complexifying the functions in the metric and replacing the differentials dt = dt + ah sin where the functions g and h appear in (3.9) (we do not restrict ourselves to Boyer-Lindquist there). It is startling that all the steps 1-5 from section 3 can be summarized in a few formulae.
B Arbitrariness of the complexification
In this appendix we provide a short comment on the arbitrariness of the complexification rules. In particular let's consider the functions The following set of rules results again in (B.2):
• f 1 : (2.6a) (numerator) and (2.6c) (denominator);
• f 2 : (2.6a) (first fraction) and (2.6b) (second fraction).
